


of gypsum. Dissolution of anhydrate was studied by Fabuss et al.
�1969�. Dissolution of fissured rocks was studied by Shearman
and Mossop �1973�. Later, the effect of existing materials such as
CO2 in attacking water on the dissolution of soluble rocks was
studied by James et al. �1981� and James and Lupton �1985�.

Romanov et al. �2003� studied the dissolution of fissured rocks
and the possibility of karstification of subterranean rivers. They
studied the possibility of highly progressive dissolution by high
hydraulic gradients underneath dam sites. Dissolutional widening
of fissures and hydrodynamic flow through fissured gypsum or
limestone are coupled in the analysis by their model. They used
experimental data on the dissolution of limestone and gypsum to
calculate fracture widening. For the simulated case, their model
predicts a growth pattern for the leakage that increases to one
order of magnitude. Then, the model predicts that after several
decades, a breakthrough event increases the leakage up to two
orders of magnitude, which in turn changes the flow regime to a
turbulent flow. They also performed a sensitivity analysis on the
dependence of the breakthrough time on the height of impounded
water, the depth of grouting, the average aperture width, and
some chemical parameters �i.e., the present and equilibrium con-
centration of calcium within the inflowing water�. They also
stated the average aperture width as the most important parameter
governing the breakthrough time. They predicted that a critical
width of 200 �m can expedite the dissolution fast enough to
reach a breakthrough time within the lifetime of the construction.

James �1992� proposed a model for dissolution of rock forma-
tions containing particulate soluble materials. His model consid-
ers a rate of loss for soluble particles in a certain distance in terms
of solution rate, concentration changes, and particle geometry.

Nevertheless, most existing models, including the one intro-
duced by James �1992�, study dissolution based on existing flow
rates. The interactively coupled progressive dissolution and seep-
age was not included in those models. Therefore, there is a need
to analyze and model the progressive process interactively.

A Finite-element technique was selected to numerically ana-
lyze the problem. Unlike finite difference, finite element has the
ability to model the problem, noniteratively, and without or with
less instability issues. Solving the problem noniteratively reduces
the computation cost and increases the accuracy of results. Obvi-
ously, spatial analysis will be handled by finite element, and finite
difference is still required to model the time progression.

Dissolution of rock formations containing particulate soluble
materials is the subject of study in this paper. Dissolution and
seepage mechanisms are first studied and then coupled. The fol-
lowing is a brief explanation of the two, which leads to the cou-
pling technique. The numerical algorithm for predicting the rate
of dissolution of soluble materials existing in particulate forms,
such as particles of gypsum or anhydrite in conglomerate rock
formations, is also presented. Furthermore, influence of various
rock parameters and geometry characteristics on the rate of dis-
solution of soluble rocks is discussed, and appropriate design to
reduce the dissolution rate is proposed. The governing equations
for the dissolution and seepage are discussed in the following.

Governing Equations

Dissolution
James �1992� proposed a model for dissolution of rock formations
containing particulate soluble materials. His model considers a
rate of loss for soluble particles in a certain distance in terms of

the solution rate, concentration changes, and particle geometry.
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Fig. 1 schematically demonstrates his model. As soluble materials
are exposed to upstream fresh water with zero concentration of
dissolved soluble material �C=0� and the highest solubility po-
tential, they are dissolved into the fresh water. This solution is
still able to dissolve more of the soluble material as it flows
farther downstream. The solubility potential of this solution de-
creases as the concentration of the dissolved material increases.
This solubility potential will be zero when the concentration of
dissolved materials in water reaches its maximum value called
solubility limit �Cs=solubility, also called saturated concentration
in g/cm3�.

In other words, looking at a typical flow path of water through
soluble materials, upstream water is fresh, while the concentration
increases as the water flows through the soluble material. Finally,
there is a point to the downstream, where the concentration of
soluble materials reaches its solubility value �Cs�. The distance
between the fresh water extent and this point is referred to as
“solution front.” As fresh water front moves forward gradually,
the saturated water front, and hence, the entire solution front
moves along too. Therefore, the solution mechanism can be as-
sumed as the motion of the solution front. James �1992� presented
a model for the solution front, and its length and propagation
velocity. His model makes use of Eq. �1� to predict the rate of
dissolution by a one-dimensional �1D� flow regime, to compute
the rate of propagation of the solution front

u� =
V� Cs

Cs + �s�
�1�

where u=solution front velocity �m/s�; V=water flow velocity
�m/s�; Cs=solubility �saturated concentration� �g/cm3�; and
�s=unit weight of soluble particles �kN/m3�. The dimensionless
parameter ��volumetric content of soluble particles �total vol-
ume of soluble particles/unit volume of the rock� and can be
computed as: �=��d� /2�, where: �=number of particles per
unit volume; �=a parameter reflecting shape of soluble particles;
and the term �d� /2� represents effective volume of each soluble
particle with a maximum diameter d�.

Seepage
The governing equation for two-dimensional �2D� seepage flow
in general form is well cited in the literature �Lambe and Whit-
man 1969; Das 1979; Holtz and Kovacs 1981�. This equation is
derived from the simple principle of mass conversation for water

Fig. 1. Solution front, and its width and velocity �adapted from
James �1992��
at constant density



�� · V� =
��

�t
�2�

where t=time; and �=volumetric water content �volume of water/
total volume of rock/soil�. Volumetric water content � is equal to
�n ·Sr�, where n=porosity and Sr=degree of saturation. Therefore,
the 2D governing equation of seepage can be written as follows:

�� · �k�� h� = n
�Sr

�t
+ Sr

�n

�t
�3�

For unsaturated seepage, Sr varies with time. In cases such as
consolidation of seepage medium, or in case of dissolution, po-
rosity n varies with time as well.

Methodology

Coupling Dissolution and Seepage

Seepage can dissolve soluble materials contained in soil layers
and/or rock formations, and the resulting dissolution can enhance
seepage, which in turn increases the dissolution in a progressive
manner. Therefore, dissolution and seepage should be analyzed
in couple. The effort in this section is to couple the two
abovementioned governing equations.

In an arbitrary finite element �Fig. 2� containing soluble mate-
rials, water flows through the element dissolves soluble particles
into the solution, and replaces them with flowing water. There-
fore, the change in the mass of the dissolved material can be
computed based on its density and the dissolved volume, which is
the same as the change in the void volume of the rock

	M = 	∀v
s �4�

where M =dissolved mass during time interval 	t; 	∀v=change
in volume of the voids �dissolved volume� within the element
during time interval 	t; and 
s=density of soluble particles.

Alternatively, the dissolved volume or, in other words, the
change in the void volume �	∀v� equals 	n∀t, where
	n=change in the porosity of the element during time interval 	t;
and ∀t=total volume of the element. Therefore, Eq. �4� can be
written as

Fig. 2. Different types of elements used for finite-element mesh, and
corresponding system of coordinates: �a� three-node element; �b� six-
node element
	M = ∀t
s	n �5�
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It is noteworthy that due to dissolution, the density of the
water entering any arbitrary element differs from the density of
the water seeping out. For simplicity reasons, a typical rectangu-
lar 2D element �i.e., per unit width: 	z=1�, is selected to derive
the equation of the principle of conservation of mass �the origin
of Eqs. �2� and �3��, which results in the following:


w1Vx	y + 
w1Vy	x − 
w2�Vx +
�Vx

�x
	x�	y

− 
w2�Vy +
�Vy

�y
	y�	x = 
w,Ave

�∀v

�t
−

�M

�t
�6�

where 
w1=density of water entering the element; 
w2=density
of water exiting the element; 
w,Ave=average density of water
within the element; Vx=water flow velocity along X direction;
Vy =water flow velocity along Y direction; and 	t=time interval.

Computing 
w2 in terms of 
w1 and the volume percentage of
dissolved material within the element, which is equal to change in
porosity �n2−n1� during time interval 	t, results in �for more
information, refer to Appendix I�


w2 = 
w1 +
�n2 − n1�

n2
�
s − 
w1� �7�

where n1= initial porosity before time interval 	t�; and n2=final
porosity after time interval 	t. Substituting Eq. �7� in Eq. �6�
results in

�n1 − n2

n2
��
s − 
w1��Vx	y + Vy	x� − 
w2�Vx +

�Vx

�x
	x�	y

− 
w2�Vy +
�Vy

�y
	y�	x = 
w,Ave

�∀v

�t
−

�M

�t
�8�

Eq. �8� in the exact form is used in the finite-element code. How-
ever, the first two terms in Eq. �8� can also be neglected due to the
proximity of the values of 
w1 and 
w2. The smallest possible
value for 
w1 is 1 g/cm3 �fresh water�. The largest possible value
of 
s for gypsum or anhydrate is 2.8 g/cm3. The saturated con-
centration for solution of gypsum in water is Cs�10−3–3.6
�10−3 g /cm3. This value for anhydrite equals Cs�0.005 g/cm3

�James 1992�, but it dissolves at most to the solubility of gypsum
�Jeschke and Dreybrodt 2002�. Therefore, based on Eq. �7�, 
w2

for the saturated case �i.e., at C=Cs� cannot exceed
1.0025–1.005 g/cm3. Neglecting the first two terms of Eq. �8�
based on these small differences results in the following:

− 
w2
�Vx

�x
	x	y − 
w2

�Vy

�y
	x	y = 
w,Ave

�n

�t
∀t − 
s

�n

�t
∀t �9�

Obviously, in a 2D problem �per unit width�, ∀t=	x ·	y ·1.
Therefore, Eq. �9� can be simplified as follows:

− div�V� � =
�n

�t
�1 −


s


w,Ave
�
w,Ave


w2
�10�

Thus, corresponding governing equations for seepage �Eq.
�10�� and dissolution �Eq. �1�� can be, respectively, rewritten as
follows:

− �� · �k�� h� =
�n�1 −


s �
v,Ave �11�

�t 
w,Ave 
w2
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u� = V�� 1

1 + �s�/Cs
� �12�

where k=hydraulic permeability; h=hydraulic head; 
w2 and then

w,Ave can be calculated by solving Eqs. �7� and �8�. Eq. �11� is
derived by satisfying conservation of mass in a representative
elementary volume of rock mass, where soluble particles go into
the solution, and fresher upstream flowing water replaces them.
During dissolution of soluble particles into the flowing water, the
porosity changes with time. This gives a transient nature to the
progress of the solution front and the flow through the soluble
formation. The change in the porosity with time has a twofold
effect, which in turn results in a transient flow, and at the same
time, variations in the coefficient of permeability with time and
space. This turns Eq. �11� into a nonlinear differential equation.
Furthermore, Eq. �12� �vector form of one-dimensional Eq. �1��
delineates the interaction dependence of the progress direction of
the solution front and its velocity vectors on the coupled seepage
and dissolution equation. To determine the dissolution pattern and
flow characteristics, Eqs. �11� and �12� should be solved simulta-
neously. The dependence of the permeability coefficient on void
ratio should be incorporated into the analysis. Various functions
have been presented for this dependence by various authors
among which the following equations are more frequently used
�Lambe and Whitman 1969�:

K = a� e � = an �13�

Fig. 3. �a� Dam foundation profile; �b� finite-element mesh
1 + e
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K =
be3

1 + e
=

bn3

�1 − n�2 �14�

in which e=void ratio of the formation; and a and b=constant
parameters used to correlate the hydraulic permeability to the
void ratio and obviously porosity. These parameters are unique
for each soil type. These two equations can be written for aniso-
tropic soils in each of X or Y directions with different constants:
ax, ay, bx, and by. A finite-element approach is used to solve Eqs.
�11� and �12� for the domain of interest. Using this method,
progress of the solution front and variations of the seepage quan-
tity with time can be obtained. A numerical algorithm for 2D flow
regimes in a soluble rock formation is presented in this section.
This numerical algorithm is used to develop a finite-element com-
puter program dissolution–seepage �DISEEP� to deal with the
coupled nature of seepage and dissolution of soluble materials.
The details required to model and solve the problem using the
finite-element method are explained in Appendix II.

Illustrative Examples

In this section, underseepage through the foundation of a concrete
gravity dam is studied. The soil profile of the foundation consists
of different layers including a conglomerate layer with two dif-
ferent hydraulic conductivities, containing soluble gypsum par-
ticles at two different volumetric contents. The aim is to illustrate
the influence of various parameters on the amount of seepage, and
to propose appropriate countermeasures to reduce the dissolution
rate. The profile and discretized domain of the dam foundation
using six node finite elements are shown in Fig. 3.

To investigate the influence of coefficient of permeability �kA�
of the top alluvium layer along with the volumetric content of
soluble materials, these parameters were varied and their effects

Fig. 4. Influence of coefficient of permeability �k� and soluble
material volumetric content ��� on: �a� underseepage; �b� normalized
underseepage
on the amount of discharge through the dam foundation were



studied. The correlation parameters a and b for permeability and
porosity are, respectively, selected as constant values: a=5.9
�10−7 m/s, and b=1.97�10−6 m/s for all cases. Fig. 4 demon-
strates variations of total flow �Q� and total flow normalized to
the initial flow �Q /Q�� with time for various parameters. The
permeability values of the alluvium and underlying soil layers
�kA, kS� and soluble material volumetric content ��� are also given
in the figure. As seen in this figure, both volumetric content ��� of
the soluble material and permeability �kA� of the overlaying ma-
terial have a pronounced effect on the increase in the rate of
solutioning.

Another important factor that may have substantial effect on
deterioration due to dissolution is upstream hydraulic head. To
study this issue, the same dam and foundation configuration was
analyzed under three different upstream hydraulic heads. The re-
sults are shown in Fig. 5. As seen, even though the increase in the
upstream hydraulic head increases the rate of dissolution, it has
no visible effect on the ultimate normalized excess seepage loss
due to dissolution. This can be justified by the fact that the change
in hydraulic head is similar to a simple linear increase in the head
values all over the flow net, but keeping the flow net pattern
constant.

Thereafter, the influence of the soluble layer depth on the in-
crease in the seepage loss due to dissolution was studied as an-
other important issue. The results are shown in Fig. 6. In this case,
the depth of the soluble layer affects not only the seepage loss,
but also the normalized seepage loss. This can be justified by the
fact that shallower soluble layers will be exposed to substantially
higher volumes of high velocity flow, in a more aggressive pat-
tern. In other words, not only do the head and velocity values at
different points of the flow net increase, but also the flow net
pattern changes and becomes denser around the soluble layer.
This increases both absolute and normalized excess seepage loss
due to the dissolution. Up to this point, the depth of the soluble
layer can be mentioned as the most important governing factor on
the excess seepage loss due to the dissolution. Based on this

Fig. 5. Effect of upstream head on: �a� underseepage; �b� normalized
underseepage
analysis, this factor is the one that can be essential for decision
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making about selecting dam position and predicting the fate of the
dam, in case of presence of soluble layers.

Moreover, influence of installing a positive cutoff penetrating
the full depth of the soluble formation at different locations was
studied. Four different cutoff designs were analyzed and com-
pared: �1� one cutoff at upstream �U /S� heel; �2� one cutoff at
downstream �D /S� heel; �3� two cutoffs at U /S and D /S heels;
and �4� one central cutoff. Fig. 7 shows the profile of the case
with two cutoffs, one upstream �U /S� and one downstream
�D /S�. The results of these different cutoff designs were com-
pared with the case of the same dam and foundation configuration
without any cutoff. Again, the variation of flow rate Q and nor-
malized flow rate Q /Q� with time for the above cases are com-
pared and shown in Fig. 8. As seen in the figure, the position of
one cutoff installed underneath the dam does not have any sig-
nificant influence on the seepage loss increase due to solutioning
of soluble material. Besides, the relative increase in the seepage
loss due to solutioning for the case without any cutoff is smaller
than any case with one or two cutoffs. Therefore, it can be con-
cluded that if the initial seepage loss before solutioning for the
dam foundation configuration without any cutoff is acceptable,
the contribution to seepage loss from solutioning will be negli-
gible, and otherwise for the cases with cutoffs. In other words,
cutoffs can decrease the initial seepage loss, but the normalized
excess seepage loss due to solutioning may be substantially high,
compared to the case without any cutoff. However, if cutoff in-
stallation has been proposed and is necessary to reduce the initial
underseepage to an acceptable limit, then the dissolution may
have a marked effect on raising the underseepage well above
initial seepage loss before dissolution has occurred. Hence, if cut-
off installation is necessary, installing both U /S �upstream� and
D /S �downstream� cutoffs is suggested to lower the amount of

Fig. 6. Effect of soluble layer depth on normalized underseepage

Fig. 7. Position of upstream and downstream cutoffs
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excess seepage loss due to solutioning of soluble materials at the
presence of cutoffs. Therefore, if cutoffs are necessary, installing
both U /S and D /S positive cutoffs is preferred to limit both initial
and additional seepage loss due to dissolution of soluble layers. A
typical progress of the solution front with time for the case with
one D /S cutoff is shown in Fig. 9.

Another issue for cutoff design is the cutoff depth effect. To
evaluate this effect, two cases are analyzed and compared: �1� a
central cutoff with full penetration depth into the soluble layer;
and �2� a central cutoff with full penetration into the overlaying
alluvium layer, but no penetration into the soluble layer. These
two cases have the same dam and foundation configuration, and
soil properties. The results are shown in Fig. 10. As seen, pen-

Fig. 8. Influence of position of cutoff on: �a� underseepage; �b�
normalized underseepage

Fig. 9. Progress of solution front in case with �D /S� cutoff
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etrating cutoff into the soluble layer will expose the soluble layer
to water bodies with higher flow velocities, which in turn results
in a higher dissolution rate. However, the ultimate normalized
excess seepage loss due to the dissolution for both cases may be
the same. Therefore, no preferential conclusion for the cutoff
depth can be made based on the results shown in Fig. 10.

Conclusions

A new approach to predict progressive seepage loss in rock for-
mations containing particulate soluble materials was presented.
This approach can be used to theoretically model and study dif-
ferent remediation alternatives. Employing the proposed approach
makes it possible to reasonably estimate the progress of solution
fronts, and variations of seepage discharge with time. Using a
typical dam foundation, influence of various parameters on the
rate of progress of solution fronts and hence the seepage loss due
to dissolution can be theoretically simulated and studied. The fol-
lowing are the conclusions made, based on the simulation results.
Obviously, experimental or field data would be valuable to vali-
date and embrace any conclusion from this or any other simula-
tion. Some important conclusions are as follows.
1. Seepage flow through formations containing particulate

soluble materials increases due to dissolution, until it finally
asymptotes to a constant value after the entire soluble par-
ticles are dissolved;

2. Volumetric content of soluble materials impacts rate of solu-
tioning and resulting excess seepage loss;

3. Between two soil layers containing the same volumetric con-
tent of soluble particles and underlying two alluvium layers
with two different hydraulic conductivities, the one under-
neath the higher hydraulic conductivity alluvium layer
�higher initial flow� is less susceptive to the increase in seep-

Fig. 10. Influence of cutoff installation depth on: �a� underseepage;
�b� normalized underseepage
age due to dissolution, compared to the one underneath the



lower conductivity alluvium layer. The reason simply is the
lower relative increase in the global hydraulic conductivity
of the first case, even though the dissolved mass amount is
the same for both cases;

4. Hydraulic permeability of a soil layer overlaying another soil
layer containing particulate soluble materials influences the
excess seepage loss due to dissolution, and in turn the disso-
lution rate;

5. Upstream hydraulic head is another important factor substan-
tially effective on the seepage loss due to dissolution. In-
crease in the upstream hydraulic head of a concrete dam
overlying soluble materials increases the rate of dissolution,
but it has no visible effect on the relative �i.e., normalized to
the initial value� ultimate excess seepage loss due to disso-
lution. This can be justified by the fact that the upstream
hydraulic head change has only a linear effect on nodal head
values, since it does not create any change in the flow net
pattern;

6. Soluble layer depth has a strong influence on the seepage
loss due to dissolution. It impacts not only the seepage loss,
but also the relative �normalized to the initial value� seepage
loss. This is due to higher exposure of shallower soluble
layers to higher flow velocity bodies of water, and the non-
linear effect on the nodal heads and flow velocities, due to
the change in the flow net pattern within the dam foundation;

7. Position of a single cutoff underneath a dam does not have
any significant effect on the seepage increase caused by the
dissolution of soluble materials;

8. Excess seepage loss due to dissolution at the absence of cut-
offs within dam foundations is negligible compared to cases
with cutoffs. Therefore, if the initial seepage loss underneath
a dam without any cutoff is acceptable �i.e., there is no need
for cutoffs to decrease the initial seepage loss�, cutoffs are
not suggested. This is to avoid the relatively strong increase
in the seepage loss due to the dissolution around cutoffs,
where flow velocity is the highest;

9. Increasing effect of dissolution of soluble materials on seep-
age loss at the presence of cutoffs is significant. However,
cutoffs may be necessary to limit the initial underseepage
underneath dams. However, they may increase the dissolu-
tion rate and raise the underseepage well above the initial
seepage loss before the dissolution has started. Therefore, if
cutoffs are necessary, installing both U /S �upstream� and
D /S �downstream� cutoffs may be the best cutoff design to
lower excess seepage loss due to solutioning of soluble
materials;

10. The technique implemented in this paper can be used to ana-
lyze transport of soluble contaminants by seepage flow. Ad-
ditionally, the mutual progressive effect of these two can be
analyzed using this technique; and

11. As soluble particles within dam foundations containing
soluble layers dissolve into the flow, the void ratio of the
formation increases. This effect progressively increases the
flow and in turn dissolution. It may also cause settlement or
consolidation �in the case of fine-grained soils�. Coupling
consolidation equations for fine-grained soils into the seep-
age and dissolution is an interesting and more challenging
task for future research.

Further analyses are required to draw more comprehensive
conclusions on the effectiveness of various countermeasures. Be-
sides, field or experimental data will be valuable tools to validate
the outcome of this research and calibrate soil parameters used in

the analysis. Moreover, different remediation alternatives can be
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analyzed qualitatively to predict the most effective ones, and even
quantitatively, after calibrating the model using actual soil prop-
erties, if available.

Appendix I

Derivation of Eq. „7…

When water flows through an element containing soluble par-
ticles, it dissolves a portion of the exiting soluble mass �	Ms�
during time interval �	t�. Therefore, the density of the water ex-
iting the element differs from the density of the water entering the
element


w1 =
M1

Vv1
�15�


s =
	Ms

	Vv
�16�


w2 =
M2

Vv2
�17�

where 
w1=density of water entering the element; 
w2=density of
water exiting the element; 
s=density of soluble particles;
M1=mass of water entering the element with a volume equal to
the volume of the voids at the beginning of time interval 	t;
M2=mass of water exiting the element with a volume equal to the
volume of the voids at the end of the time interval; 	Ms=mass
dissolved into the flow during the time interval; Vv1=volume
of voids of the element at the beginning of the time interval;
Vv2=volume of voids of the element at the end of the time inter-
val; and 	Vv=increase in the void volume during the time
interval.

Obviously

M2 = M1 + 	M �18�

Substituting Eqs. �15�–�17� into Eq. �18� results in the following:


w2Vv2 = 
w1Vv1 + 
s	Vv �19�

Dividing Eq. �19� by the total volume of the element


w2n2 = 
w1n1 + 
s	n �20�

where n1, n2, and 	n �=n2−n1�= respectively, initial, final, and
change in porosity. Thus, Eq. �20� can be simplified to


w2 = 
w1 +
	n

n2
�
s − 
w1� �21�

Appendix II

Applying Finite-Element Method to Coupled Governing
Equations

In order to apply the finite-element method to the coupled gov-
erning equations, different steps are required. The following
briefly explains these steps.

Weak (Variational) Form
Eq. �11� should be transformed to a weak �variational� form, as

the first step to derive the equivalent finite-element formulation.
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Therefore, both sides of Eq. �11� are multiplied by weight func-
tions wi. Darcy’s law of seepage is applied to the result. Then,
both sides of the resulting equation are integrated over the ele-
ment volume �e. Thereafter, integration by parts along with the
divergence theorem over the element volume �e and boundary

surface �e �with a normal vector: n� =nxi�+nyj�� is applied to the
outcome to derive the following weak �variational� form:

�
�e

wi��kxx

�h

�x
+ kxy

�h

�y
�nx + �kyx

�h

�x
+ kyy

�h

�y
�ny�d�

−�
�e

� �wi

�x
�kxx

�h

�x
+ kxy

�h

�y
� +

�wi

�y
�kyx

�h

�x
+ kyy

�h

�y
��d�

=�
�e

wi�1 −

s


w,Ave
�
w,Ave


w2

�n

�t
d� �22�

where kxx, kyy, kxy, and kyx=element’s hydraulic permeability co-
efficients in different directions. Inspecting the boundary integral
in Eq. �22� makes it evident that

�kxx

�h

�x
+ kxy

�h

�y
�nx + �kyx

�h

�x
+ kyy

�h

�y
�ny = qn �23�

where qn=flow flux across the boundary. Therefore, Eq. �22� can
be written as follows:

�
�e

� �wi

�x
�kxx

�h

�x
+ kxy

�h

�y
� +

�wi

�y
�kyx

�h

�x
+ kyy

�h

�y
��d� +

��e
wi�1 −


s


w,Ave
�
w,Ave


w2

�n

�t
d� =�

�e

wiqnd� �24�

Finite-Element Formulation
Substituting h by h=	 j=1

m Njhj and arbitrary weight functions wi by
shape functions n=	 j=1

m Njnj, and simplifying the outcome, result
in the following finite-element formulation of Eq. �24� for each
element:

	
j=1

m

Kijhj + 	
j=1

m

Sij

�nj

�t
= Qi �25�

where

Kij =�
�e

� �Ni

�x
�kxx

�Nj

�x
+ kxy

�Nj

�y
� +

�Ni

�y
�kyx

�Nj

�x
+ kyy

�Nj

�y
��d�

Sij = �1 −

s


w,ave
�
w,Ave


w2
�

�e

Ni

�Nj

�t
d�

Qi =�
�e

Niqnd�

Eq. �25� can be written in the following matrix form for each
element:


K��h + 
S��n = �Q �26�

where 
K�=element stiffness matrix; �h=vector of nodal total
head; 
S�=lumped or consistent storage matrix of each element;
�n=vector of nodal element porosity rate of change; and �Q
=nodal flow vector.
Element stiffness matrix 
K� is defined as
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K� =�
�e


B�T
k�
B�dV �27�

in which matrices 
B� and 
k� for 2D elements can be written as


k� = hydraulic permeability matrix of each element = �kxx kxy

kyx kyy
�


B� = matrix defined based on element type and shape functions

= 
B�

= �
�Ni

�x

�Ni

�x
�

where i=node number. It is noteworthy that the valid assumption
of reciprocity of soils �kxy =kyx� can be made for simplification
and to reduce computation cost. Matrices 
k� and 
B� are defined
based on the element type and shape functions used to interpolate
the total head within each element. Storage matrix 
S� can be
approximated by a lumped matrix for three or six node triangular
elements of Figs. 2�a and b� as Eqs. �28� and �29�


S�3 =
A

3
�1 −


s


w,Ave
�
w,Ave


w2 �1 0 0

0 1 0

0 0 1
� �28�


S�6 =
A

6
�1 −


s


w,Ave
�
w,Ave


w2 �
1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

� �29�

where A=area of elements. The backward finite difference
method was used to perform the time integration for the transient
analysis of Eq. �26�, which yields to

	t
K��hm+1 + 
S��nm+1 = 	t�Q + 
S��nm �30�

where �hm+1=vector of unknown total heads at time tm+1= tm

+	t. Matrix �nm+1 for each time interval is determined from the
change in the element porosity, due to progress of solution front
to a distance 	s �referred to as advancement distance, 	s�.

In Fig. 11, the advancement distance 	s of the solution front
can be calculated as: u	t, where u�progression velocity of the

Fig. 11. Area swept by solution front, during time interval 	t
solution front. Any change in the element’s porosity is associated



with the change in the volume of voids. Therefore, for a two-
dimensional problem, 	n can be written as follows:

	n =
1

A
	Av �31�

where A=total area of the 2D element; and 	Av=change in the
area of the element’s voids, given by

	Av = �	A �32�

where in turn 	A=increase in the area swept and occupied by the
front during time interval 	t and advancement 	s, which can be
easily determined for each element using geometrical methods.
Substituting Eq. �32� in �33�, 	n can be computed as follows:

	n =
�	A

A
�33�

Therefore, the change in the porosity of each element can be
computed using Eq. �33�, which in turn results in the element’s
final porosity at the end of each time interval. Thereafter, the
permeability coefficient of each element in different directions
can be hereby updated, using the final porosity value and Eqs.
�13� and �14�.

Assembling Element Matrices for Entire Domain
Obtained stiffness 
K� and storage 
S� matrices of each element
should be assembled to achieve global matrices for the entire
domain. This is possible by adding up elements of matrices based
on the corresponding common degrees of freedom �i.e., based on
how different adjacent elements share common nodes�. Obvi-
ously, vectors �hm+1, �nm+1, �nm, and �Q will be global vectors
constituted of values of hm+1, nm+1, nm, and Q at nodes of the
global domain, and can be easily built, without any complicated
assembling process. Assembling Eq. �31� results in a global gov-
erning equation for the entire domain as follows:

	t
K�G�hG
m+1 + 
S�G�nG

m+1 = 	t�QG + 
S�G�nG
m �34�

where each matrix or vector=global matrix or vector for the en-
tire domain. These stiffness and storage matrices are symmetric
and sparse. Therefore, to save computation memory in order to be
able to model larger domains, all square matrices are stored as
vectors using a sky-line technique �zeros in each matrix are not
saved, and just nonzero elements of all matrices are positioned in
a vector, while their original places if positioned in the 2D matrix
form are tracked�. Obviously, keeping track of the original posi-
tion of nonzero elements during solving the problem compli-
cates the computation, but saves a substantial amount of memory.
Vector �hm+1�vector of unknown total nodal heads at time
tm+1= tm+	t.

To analyze the problem at each time instant tm �i.e., to find the
nodal head vector for the next time instant tm+1= tm+	t�, nodal
heads at tm are used to find nodal flow velocities. Then, nodal
solution front progress velocities are computed using Eq. �12�,
and thereby the change in the porosity is computed using Eq.
�33�. Thereafter, permeability coefficients of all elements are up-
dated using Eq. �13� or �14�, which in turn affects the flow veloc-
ity, solution front progress velocity, porosity, and permeability of
each element in an iterative nature. This process is iterated until
porosity and permeability for each time interval converge to their
corresponding final values. Finally, using the converged perme-
ability and porosity values of each element, Eq. �34� is assembled
and solved, to find the nodal head vector of the next time instanst
m+1
t .

JO
Notation

The following symbols are used in this paper:
A � element’s area;
a � constant parameter;


B� � matrix, defined based on element types and
shape functions, used to interpolate total
heads within each element;

b � constant parameter;
C � concentration of dissolved material in water;


C� � element characteristic matrix;
Cs � solubility �concentration of dissolved material

in saturated solution�, which depends on both
soluble material type, and initial chemical
composition of flowing water in touch with
soluble zone of interest�;

e � void ratio;
h � hydraulic head;

�h � vector of nodal total heads;

K� � element stiffness matrix;


K�G � global stiffness matrix;
k � hydraulic permeability �conductivity�

coefficient;

k� � hydraulic permeability matrix;

kxx, kyy, kxy, kyx

� elements of hydraulic permeability matrix
�permeability coefficients in different
directions�;

M � mass;
n � porosity;

�n � vector of nodal rate of change in element
porosity;

n1 � initial porosity before time interval 	t;
n2 � final porosity after time interval 	t;
Q � total discharge flow underneath earth dams

after dissolution;
�Q � nodal flow vector;
Q� � initial total discharge flow underneath earth

dams before dissolution;

S� � element storage matrix;


S�G � global consistent or lumped storage matrix;
Sr � degree of saturation;

t � time;
u � progression velocity of solution front;
V � flow velocity of water;

Vx � flow velocity along X-direction;
Vy � flow velocity along Y-direction;

	A � area occupied by solution front during time
interval 	t;

	Av � change in area of voids during time interval
	t;

	M � dissolved mass during time interval 	t;
	n � change in porosity of each element during

time interval 	t;
	s � advancement distance of solution front;
	t � time interval;

	∀v � change in volume of voids within each
element during time interval 	t;

� � volumetric water content;

s � density of soluble particles;


w,Ave � average density of water within each element;

w1 � density of water entering each element;


w2 � density of water exiting each element;
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s � unit weight of soluble particles;
� � volumetric content of soluble particles;
∀ � volume of each element; and

∀v � volume of voids.

Superscripts

A � alluvium;
m � time step m; and
S � solid.
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